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Periodic orbits for 3 and 4 co-orbital bodies
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ABSTRACT
We investigate the natural families of periodic orbits associated with the equilibrium
configurations of the the planar restricted 1 + n body problem for the case 2 6 n 6 4
equal mass satellites. Such periodic orbits can be used to model both trojan exoplan-
etary systems and parking orbits for captured asteroids within the solar system. For
n = 2 there are two families of periodic orbits associated with the equilibria of the
system: the well known horseshoe and tadpole orbits. For n = 3 there are three fami-
lies that emanate from the equilibrium configurations of the satellites, while for n = 4
there are six such families as well as numerous additional connecting families. The
families of periodic orbits are all of the horseshoe or tadpole type, and several have
regions of neutral linear stability.
Key words: celestial mechanics – planets and satellites: dynamical evolution and
stability – minor planets, asteroids: general
1 INTRODUCTION
The motion of small co-orbital satellites can be studied using
the 1 + n body problem. This is a restricted version of the
n + 1 problem of one central mass with n other masses in
a ring surrounding it, which was first studied by Maxwell
(1890) as a model of the motion of the rings of Saturn.
In the restricted version, the n orbiting masses mi inter-
act with each other, but not the central mass M i.e. the mi
are infinitesimally small and mi/M tends to zero. The rela-
tive equilibria (stationary configurations in a frame rotating
with the co-orbiting satellites) of both problems have been
extensively studied in the context of central configurations:
a configuration where the total (Newtonian) acceleration of
each body is proportional to the position vector of the body
relative the centre of mass of the configuration.
The simplest version of the restricted 1+ n body prob-
lem is planar with the co-orbiting satellites in circular orbits
with the same mean motion and same mass. In this case the
equilibrium configurations lie on a circle centred on the pri-
mary mass (Cors, Llibre & Ollé 2004). For 2 6 n 6 8 there
are several different equilibrium configurations possible (see
Sec. 4) (Salo & Yoder 1988; Cors, Llibre & Ollé 2004; Renner
& Sicardy 2004) while for n > 9 no configurations other than
a regular 1+n-gon have been found, where the satellites are
equally spaced in a circle about the central mass (Cors, Lli-
bre & Ollé 2004; Salo & Yoder 1988; Casasayas et al. 1994).
Numerical evidence has been provided for this (e.g. Cors, Lli-
bre & Ollé 2004; Salo & Yoder 1988) and analytic proofs for
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the cases n = 4 (Albouy & Fu 2009) and n & e73 (Casasayas
et al. 1994), but it remains an open problem (Albouy et al.
2012). In the unrestricted n + 1 body problem this n-gon
configuration has been shown to be linearly stable for n > 7
for large mass ratios between the central mass and orbiting
satellites (Moeckel 1994), while in the circular restricted 1+n
body problem numerical investigations have shown that at
least one linearly stable configuration exists for 2 6 n 6 7
(Salo & Yoder 1988). The linear stability results in com-
bination with the Lyapunov Centre Theorem indicate that
natural families of periodic orbits of the co-orbital satellites
exist about these equilibrium configurations for each value
of n.
In the simplest case with n = 2 the problem is superin-
tegrable and there are two well known stationary configura-
tions with the satellites separated by either 60◦ (linearly sta-
ble) or 180◦ (linearly unstable). The trajectories about the
first are the familiar tadpole orbits ending on a homoclinic
connection to the second equilibrium configuration. Beyond
this connection the trajectories are horseshoe orbits. Such a
co-orbital configuration is observed in the Solar System in
the dynamics of the satellites Janus and Epimetheus around
Saturn e.g. Yoder et al. (1983); Renner & Sicardy (2004).
For systems with three or more satellites the dynamics are
more complex, for example Salo & Yoder (1988) look nu-
merically at the dynamics about some of the equilibrium
configurations for small values of n and find both periodic
motion and chaotic motion occurs. However, little appears
to be known in general about the families of periodic orbits
associated with these configurations for n > 2. Since such
periodic motion is observed in the Solar System for n = 2
the problem is worthy of further study.
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In addition to natural satellites, there are two other
applications of such orbits in astrophysics: the first is the
potential of such orbits to offer solutions for stable ‘parking’
orbits of large numbers of small objects, such as captured
asteroids around the Moon (for example the easily retriev-
able asteroids identified by García Yárnoz et al. 2013) or
the moons of Mars or larger main belt asteroids, for future
in-situ resource use. Knowledge of the primary families of
periodic orbits associated with the problem, and their sta-
bility, form a basis of engineering such solutions.
The second concerns exoplanetary systems. There has
in recent years been significant interest in the idea of co-
orbital or trojan planets: that is, planetary systems where
two or more planets orbit at the same mean distance from
their star. This idea was first explored in detail by Laughlin
& Chambers (2002), and has subsequently been the sub-
ject of numerous other works investigating not only the dy-
namics, but detectability and formation as well. Almost all
concentrate on two co-orbital planets, either both of similar
mass or one of Jupiter mass and another of Earth-mass. Al-
though such configurations can remain ‘stable’ for long times
(e.g. Laughlin & Chambers 2002; Schwarz et al. 2009, 2007)
and numerical models show plausible formation mechanisms
(e.g. Beaugé et al. 2007; Giuppone et al. 2012), analysis of
photometric and radial velocity data has yet to reveal any
such system (Giuppone et al. 2012; Madhusudhan & Winn
2009).
Much of the work on the dynamics of exoplanetary co-
orbital planets considers either two co-orbital eccentric gas
giant planets in the general three-body problem or terrestrial
planets at the classical triangular Lagrangian points in the
eccentric restricted three-body problem. The 1 + n body
problem on the other hand is suitable for non-negligible but
low mass ratios and small eccentricities and so is more suited
to similar mass terrestrial planets in roughly circular orbits.
Such systems have been less discussed in the literature than
those with giant planets.
In this work we look at the primary families of peri-
odic orbits emanating from the equilibrium configurations
for 2 6 n 6 4 equal mass satellites, as well as some sec-
ondary connecting families, using the boundary-value prob-
lem methods implemented in the numerical continuation
software Auto (Doedel et al. 1991, 2011). A summary of
the known equilibrium configurations is presented in Section
4 and details of the periodic orbits associated with them in
Section 5.
2 EQUATIONS OF MOTION
The equations of motion of the circular restricted 1+n body
problem have been derived by several authors, including Yo-
der et al. (1983); Salo & Yoder (1988); Renner & Sicardy
(2004). Here we follow that of Renner & Sicardy (2004). All
masses are assumed to be point masses, and the n co-orbital
satellites to be in a circular and planar orbit with the same
average mean motion n0 and radius r0. In a frame centred
on the central mass rotating with the average mean motion
the position of a satellite is described by its angular position
φi relative to an arbitrary reference direction and the rela-
tive displacement from the mean radius ξi = (ri − r0)/r0.
Units can be chosen such that r0, n0 and the mass of the
central object M are all unity. The equations of motion are
then
φ˙i = −
3
2
ξi (1)
ξ˙i = −2
∑
j 6=i
mjf
′(∆φij) (2)
where ∆φij = φi − φj and
f(φ) = cosφ−
1
2
∣∣sin φ
2
∣∣ (3)
f ′(φ) = sinφ
(
1
8
∣∣sin φ
2
∣∣3 − 1
)
. (4)
This system also assumes that there are no close approaches
between the satellites, otherwise the motion will not remain
co-orbital. The problem is also Hamiltonian and the ξi are
related to the conjugate momenta to the co-ordinates φi.
There are three integrals of motion for this system:
0 =
∑
i
miξi (5)
I =
∑
i
miφi (6)
J =
∑
i
mi

−3
4
ξ2i +
∑
i6=j
mjf(∆φij)

 . (7)
The first two correspond to the invariance of the system un-
der rotations and hence the conservation of angular momen-
tum and the last is the energy integral, or Jacobi constant.
The system 2 is a first order dynamical system in Rn ×
T
n. However, the integrals of motion given by 5 and 6 can
be used to reduce the system to Rn−1×Tn−1 by eliminating
a pair of the θi and ξi coordinates. For convenience a new
angular coordinate θi can be defined as
θi = φi+1 − φ0 (8)
for i = 1, 2, . . . n. The angle θi now represents the angu-
lar separation of satellites 2, . . . n from satellite 1. Given
θ1, . . . θn−1 the position of satellite 1 is then constrained
through Eq. (6). Similarly Eq. (5) allows the radial displace-
ment ξ1 of satellite 1 to be eliminated from the equations
of motion as well with no need for the introduction of any
other new co-ordinates. The new equations of motion are for
example in the case n = 4 with equal masses mi = m:
ξ˙2 = 2m
(
−f ′(θ1)− f
′(θ1 − θ2)− f
′(θ1 − θ3)
)
(9)
ξ˙3 = 2m
(
−f ′(θ2) + f
′(θ1 − θ2)− f
′(θ2 − θ3)
)
(10)
ξ˙4 = 2m
(
−f ′(θ3) + f
′(θ1 − θ3) + f
′(θ2 − θ3)
)
(11)
θ˙1 = −
3
2
(2ξ2 + ξ3 + ξ4) (12)
θ˙2 = −
3
2
(ξ2 + 2ξ3 + ξ4) (13)
θ˙3 = −
3
2
(ξ2 + ξ3 + 2ξ4) . (14)
Although this is not a canonical transform the numerical
continuation does not require the system to be in canonical
co-ordinates and this form is convenient to work with. The
reduction also does not affect the linear stability: one pair
of eigenvalues in the original system will represent the in-
variance under rotation and it is these that are not present
in the reduced system.
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3 SYMMETRIES
The equations of motion possess a number of symmetries
which are relevant to the equilibria and periodic orbits.
Firstly, there is a reversing symmetry (t→ −t, ξi → −ξi). A
second less obvious reversing symmetry is due to the nature
of the function f , and is a symmetry about a line through
the equilibrium configuration. Albouy & Fu (2009) look at
the 1+4 body problem and prove that all relative equilibria
are symmetric about a symmetry line, and that either two
satellites lie on the symmetry line or none do (one of the
configuration in fact possess several symmetry lines, and is
of both types). Corbera et al. (2011) discuss symmetries of
the 1+n body problem, noting similarly that there are two
cases that occur for equal masses: satellites on the symmetry
line (one if n is odd or two if n is even) or no satellites on
the symmetry line.
In addition, the case of equal masses has an additional
spatial symmetry that is less obvious: φi → φi + 2πn in the
coordinates used here. We can write
∑
i ξ˙i = 0 without need
for multiplication by mi, implying
∑
i ξi = constant = 0 (as
the mean radius is assumed to be 1). Thus
∑
i φ˙i = 0 from
Eq. 2 and
∑
i φi = constant = c. However, c is a sum of
angles and thus c ∈ T also. The dynamics depend only on
the relative angular separation of each satellite rather than
the location relative to the reference direction, so for any
give value of c a rotation of the entire configuration by 2pi/n
also exists. This additional symmetry is seen by Corbera et
al. (2011) for equilibria in the 1+3 body problem when the
masses are equal. The consequence of the symmetry are seen
in the connections between the families of periodic orbits
emanating from the equilibria, and is discussed further in
Section 5.
4 EQUILIBRIA
The requirement that θ˙i = 0 means that ξi = 0 for all equi-
librium configurations so that the satellites are all located on
the mean circle with angular separations are given by solv-
ing ξ˙i = 0. Salo & Yoder (1988) determine the stationary
configurations for n = 2 to 9 for equal mass satellites, using
numerical methods for n greater than 3. The configurations
for 2 6 n 6 4 are shown in Table 1 for a fixed value of the an-
gular momentum constant c. There are three distinct types
of equilibrium configuration, which Salo & Yoder (1988) la-
bel as type I (arranged in a ‘line’), type II (arranged in an
n-gon) and type III (arrange in a line with one satellite on
the opposite side) with subdivisions a and b for the type I
and III cases (as for some higher values of n two variants of
these configurations exist). As mentioned, for n > 9 the only
configuration known to exist is type II, and it appears to be
always linearly stable. In addition to the numerical evidence
provided by numerous authors, Casasayas et al. (1994) pro-
vides a more general analytic proof that places a bound on
n as greater than approximately e73 for this to be the case.
The three types can be defined as follows: type II is
the simple case of equal spacing, and is linearly stable for
7 6 n 6 9 at least. The type II configuration is unaffected by
a rotation by 2pi/n up to an interchange of satellites, and has
several symmetry lines. Type I has the satellites in an arc
with the spacing increasing from the central pairs outwards.
It is symmetric with respect to a symmetry line through the
configuration. Type III has n − 1 satellites in a similar arc
and the remaining one on the opposite side, and has similar
symmetry. For the type I and type III configurations n− 1
other alignments of the configuration other than that shown
in the table also exist. A numerical search for equilibria for
n 6 20 was also performed as part of this work and no other
configurations were found in agreement with the results of
(Salo & Yoder 1988).
The problem is Hamiltonian and thus the eigenvalues
of the linearized system occur in reciprocal (and complex
conjugate) pairs. Salo & Yoder (1988) provide the linear
stability of each configuration, and the spectrum for each
point is shown in the table, excluding the pair of eigenvalues
which are zero in the full system. Note that the eigenvalues
for the type II configuration occur in degenerate pairs.
5 NUMERICAL CONTINUATION OF
PERIODIC ORBITS
It is well known that a Hamiltonian system with a first in-
tegral has natural families of periodic orbits defined by the
value of this integral. The 1 + n body problem has both
angular momentum and energy integrals, however the nat-
ural families in the angular momentum integral are trivial:
they correspond to the rotation of the periodic orbit about
the central mass. The natural families corresponding to the
energy integral J are not trivial, and it is these which we con-
sider. Further, the Lyapunov Centre Theorem states that:
Let a Hamiltonian system in d degrees of freedom have an equi-
librium point x0 with characteristic exponents ±λ1, . . . ,±λd with
λi ∈ C. If one of the exponents, say λ1, is purely imaginary and
the ratio λi/λ1 is not an integer for all i then there is a one-
parameter family of periodic orbits emanating from the equilib-
rium point, and its period tends to 2pi/|λ1| at x0.
Thus in the reduced system there are one-parameter nat-
ural families of periodic orbits emanating from equilibrium
configurations that possess pairs of (non-resonant) purely
imaginary eigenvalues. From the linear stability results of
Salo & Yoder (1988) (summarized in Table 1) we can see
that there will be one family associated with the Ia config-
uration for n = 2, whereas for n = 3 two families emanate
from the Ia configuration and one from the IIIa configura-
tion. For n = 4 three families will emanate from the type
Ia configuration, one from the type II configuration and two
from the type IIIa configuraiton. (Note that there may be
other families in these systems not associated with the equi-
libria: for example the well known horseshoe orbits in the
n = 2 case.)
Natural families of periodic orbits can be continued in
the boundary-value problem (BVP) numerical continuation
software Auto (Doedel et al. 1991, 2011). Auto uses poly-
nomial collocation in association with pseudo-arclength con-
tinuation to solve a BVP formulation of the system. Briefly,
the problem of finding a periodic orbit x with unknown pe-
riod T of the first order system x˙(τ ) = f(x(τ ), p) with pa-
c© RAS, MNRAS 000, 1–14
4 P. E. Verrier and C. McInnes
n 2 3 4
φi φi φi
C CC CCC
Ia 30.0◦ 0.0◦ 18.4◦
330.0◦ 47.4◦ 60.2◦
312.6◦ 299.8◦
341.3◦
S SS CSS
II 90.0◦ 0.0◦ 45.0◦
270.0◦ 120.0◦ 135.0◦
240.0◦ 225.0◦
315.0◦
CS CCS
IIIa 0.0◦ 45.0◦
138.8◦ 165.0◦
221.2◦ 225.0◦
285.0◦
Table 1. Equilibrium configurations and linear stability for 2 6 n 6 4, from Salo & Yoder (1988). The linear stability is summarised for
each configuration: C represents centre and S saddle stability. The angular co-ordinate φi is also given for each configuration, measured
anti-clockwise from the positive x-direction
rameter p can be written as the BVP:
x˙(t) = Tf(x(t), p) (15)
0 = x(0)− x(1) (16)
0 =
∫ 1
0
x˙
T
refx(t)dt (17)
s =
∫ 1
0
(xref(t)− x(t))
T
xtan(t)dt
+(Tref − T )Ttan + (pref − p)ptan (18)
where time has been rescaled so that the periodic orbit has a
period of 1. The first equation is the equations of motion, the
second the periodicity constraint and the third a phase con-
dition which fixes the phase of the periodic orbit x relative to
a reference solution xref (usually the last periodic orbit along
the branch). The final equation is the pseudo-arclength con-
straint, which permits the family to be continued in the
parameter p. Here s is the step-size and (xtan(·), Ttan, ptan)
the tangent to the reference solution. The use of pseudo-
arclength continuation in particular allows families to be
continued around folds relative the continuation parameter
p, ensuring the whole family can be continued. The continu-
ation of a family can be started either by branching directly
from an equilibrium point or a branch point in a previously
generated family, or by providing a known reference solu-
tion. For further details see for example Doedel et al. (2007)
or Munõz-Almaraz et al. (2003).
The natural families of periodic orbits to be considered
here are parameterised by the energy level J , which does
not appear in the equations of motion as formulated. How-
ever, a simple solution to this is to introduce an unfolding
term into the equations of motion to act as the parameter
p. Munõz-Almaraz et al. (2003) show that a suitable term
for systems with a first integral F is λ∇F , where λ is an un-
folding parameter. For this system the first integral we are
interested in is the energy constant J . The unfolding term
is easily added to the equations of motion, and periodic or-
bits can be generated directly from an initial equilibrium
configuration. If x = (θ1,...,(n−1), ξ2,...,n) then the system
implemented in Auto is
x˙ = f(x) + λ∇J (19)
where f(x) are the equations of motion for the reduced sys-
tem. This BVP formulation and unfolding technique has
been applied numerous times in the context of celestial me-
chanics, for example to the CRTBP by Doedel et al. (2003,
2005, 2007) and Calleja et al. (2012) and to choreographies of
the n-body problem by Munõz-Almaraz et al. (2007). Given
a solution of the reduced system the full system can be calcu-
lated by fixing a value of the constant c and using equations
5 and 6 to determine the coordinates (ξi, φi). Although the
system is in Rn−1×Tn−1 in practice the angles do not start
to circulate for the periodic orbits presented here and there
is no issue with the numerical continuation.
The dynamics of the system scale with the relative
masses of the satellites m, and a transform (t → τ/m1/2,
ξ → m1/2x) removes the dependence completely from Equa-
tions 2. In this work we use a very high mass ratio of
µ = m/M = 10−2 to clearly illustrate the nature of the
orbits in the spatial plane only, although realistic mass ra-
tios in the context of the Solar system are much lower, and
the dynamics scale accordingly. The periodic orbits are oth-
erwise shown in normalized co-ordinates in all other plots of
the motion presented in the following sections.
5.1 Linear Stability
The linear stability of a periodic orbit can be determined
from its Floquet multipliers. These are the eigenvalues of
c© RAS, MNRAS 000, 1–14
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the monodromy matrix (the state transition matrix evalu-
ated around the orbit) or equivalently the eigenvalues of the
linearized Poincaré map. The Floquet multipliers of each pe-
riodic orbit are calculated by Auto, so information about
the linear stability is provided for each continued family. As
this is a Hamiltonian system the Floquet multipliers occur
in inverse and complex conjugate pairs, with one pair always
be equal to unity for a periodic orbit. Hence true linear sta-
bility (all multipliers within the unit circle) is not possible
in Hamiltonian systems. Instead the linear stability can be
described as different orders of instability, depending on how
many pairs of multipliers are on the unit circle. For for n 6 4
the only possibilities are:
• order-0 instability (neutral linear stability): all Floquet
multipliers on the unit circle (possible for n > 2)
• order-1 instability: one pair of Floquet multipliers on
the real axis (possible for n > 3)
• order-2 instability: two pairs of Floquet multipliers on
the real axis, or in the complex plane but off the unit circle
(possible for n > 4).
For n > 2 the floquet multipliers change along a family
of periodic orbits, and thus the linear stability of the family
can change as well. For n = 3 or 4 such changes generically
occur through either collisions of one pair of multipliers at
+1 (tangent bifurcation: fold or branch point to another
family) or −1 (period-doubling bifurcation). For n = 4 the
collision of two pairs of multipliers on the unit circle (Krein
collision) or real axis (inverse Krein collision) is also possible.
5.2 Nomenclature
As stated in Section 5 the Lyapunov Centre Theorem can
be used to determine the existence of natural families ema-
nating from those configurations with (non-resonant) centre
eigenvalues. For n = 2, 3, 4 there are no resonances between
any of the purely imaginary eigenvalues associated with each
equilibrium configuration. Thus for a given configuration,
each centre frequency (purely imaginary eigenvalues) has a
family of periodic orbits associated with it. The linear sta-
bility of each configuration is given in Table 1. So for ex-
ample, the n = 3 case has three families that emanate from
the equilibria: two associated with the type Ia equilibrium
(linear stability centre-centre) and one associated with the
type IIIa equilibrium (linear stability centre-saddle). Simi-
larly, the n = 4 case has six such families: three associated
with the centre-centre-centre configuration Ia, one associ-
ated with the centre-saddle-saddle configuration II and two
associated with the centre-centre-saddle configuration IIIa.
Note that the II configuration has no centre frequencies for
n = 2 and n = 3 and thus there are no families emanating
from it. This does not preclude the existence of families not
associated with the equilibria, for example horseshoe orbits
in the case n = 2. For a given equilibrium configuration the
families associated with each configuration can be labelled
as α, β, γ and so on, in order of increasing frequency (and
thus decreasing period).
For example, the Ia equilibrium for n = 4 has three
centre frequencies, i.e. it has eigenvalues of the form
±iω1,±iω2,±iω3, with ωi ∈ R and ω1 < ω2 < ω3. The α
family is associated with the ω1 frequency and has a period
that tends to 2pi/ω1 as the family tends to the equilibrium,
n Ia Ib II IIIa IIIb
2 αIa2
3 αIa3, βIa3 αIIIa3
4 αIa4, βIa4, γIa4 αII4 αIIIa4, βIIIa4
Table 2. Families of periodic orbits associated with the equilib-
rium configurations from n = 2 to n = 4
the β family is associated with the ω2 frequency has a period
2pi/ω2 at the equilibrium and the γ family a period 2pi/ω3
at the equilibrium.
The label for the equilibrium configuration can be
added to the end of the designator, as well as a subscript
to distinguish the value of n. So the family αIa3 is the fam-
ily associated with the lowest centre frequency, emanating
from the equilibrium configuration Ia for n = 3 satellites. A
summary of the families considered in this work is shown in
Table 2.
6 FAMILIES OF PERIODIC ORBITS
6.1 Two co-orbital satellites: n = 2
In the case n = 2 the system has one degree of freedom and
the periodic orbits are well known. They are presented here
to give context to the n = 3 and n = 4 systems. The families
of periodic orbits for this case can be calculated using either
the analytic theory of Yoder et al. (1983) (see also Murray
& Dermott 1999) or by numerical continuation in Auto.
The tadpole orbits (the αIa2 family) emanate from the type
Ia equilibrium and can be generated in Auto by branching
from the equilibrium configuration. The horseshoe orbits on
the other hand require an initial orbit to be provided (as
they do not emanate from an equilibria), which can be eas-
ily calculated from the analytic theory. Both continuation
methods were used to generate the families of periodic or-
bits, and found to agree fully. The two families of periodic
orbits, from the Auto continuation, are shown in Figure 1.
The Ia2 equilibrium configuration has one family αIa2
associated with it, corresponding to tadpole orbits. This
family is entirely stable until it terminates on a homoclinic
orbit onto type II configuration. Beyond this homoclinic con-
nection is a family of horseshoe orbits. There are two align-
ments of the Ia2 equilibrium possible for a given value of c:
the one shown in the figure and another with the satellites
at ±120◦ (assuming the reference direction is along the pos-
itive x axis). Thus the full picture of the dynamics includes
the rotation about the origin by 180◦ of the family shown in
the figure, and horseshoe orbits about the type II configura-
tion, as shown in Figure 1. This is comparable to the ‘north’
and ‘south’ branches of families of periodic orbits that occur
in the CRTBP.
6.2 Three co-orbital satellites: n = 3
For three satellites there are three possible families associ-
ated with the equilibria: two emanating from the Ia configu-
ration and one from the IIIa configuration. The two associ-
ated with Ia (αIa3 and βIa3) are shown in Fig. 2. The middle
satellite in the βIa3 family remains stationary (ξ = θ = 0)
for the entirety of the family. Both families initially have
c© RAS, MNRAS 000, 1–14
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(a)
(b)
Figure 1. The complete dynamics for the n = 2 case for c = 0 in
the spatial plane and the φi, ξi plane. The periodic orbits for one
satellite are shown in purple and the other in blue, while the type
Ia configuration is shown in black and the type II configuration
in red. The horseshoe family continues beyond the amplitudes
shown here
order-0 instability, with αIa3 switching to order-1 after a
fold in the energy constant and βIa3 switching to order-1
after a period-doubling bifurcation, and the stable portion
is highlighted in Fig. 2. Both families terminate on a homo-
clinic orbit to the II3 equilibrium. Plots of each family in the
period-energy plane are shown in Fig. 3, scaled to eliminate
the mass ratio.
The family αIIIa3 associated with the type IIIa equilib-
rium is shown in Figure 2 as well. As for βIa3 one satellite
remains stationary. The family has order-1 instability until
it ends on a homoclinic orbit to the II3 equilibrium.
Similar to the n = 2 case, the two equilibrium config-
urations Ia and IIIa exist in three orientations for a given
value of the constant c as they are not symmetric under ro-
tation by 2pi/3. Thus the families associated with them have
two additional symmetric branches. This illustrates that the
homoclinic orbit that family αIa3 is also a terminating orbit
ΑIa3 ΒIa3
ΑIIIa3
0 2 4 6 8 10
-8
-7
-6
-5
-4
m P
J

m
2
Figure 3. The three families for n = 3 plotted in the energy-
period plane in units that are scaled to remove the dependence
on the mass ratio µ = m/M and such that r0 = n0 = M = 1. The
order-0 part of the Ia families is shown in purple, and the order-1
part in gray. The IIIa family is shown in black. The families start
on the left and all continue out to infinite period
of another branch of the αIIIa3 family: in the spatial plane
these tadpole orbits are interior to the homoclinic orbit.
All three families of periodic orbits are symmetric about
the line through the centre of the configuration, as would
be expected from the symmetric nature of their associated
equilibrium configuration. They also possess the reversing
symmetry ξ → −ξ, t→ −t.
6.3 Four co-orbital satellites: n=4
For four satellites there are now three, two and one family
associated with the type Ia, II and IIIa equilibrium config-
urations respectively. In addition, as before the type Ia and
IIIa configurations can be rotated by pi/2 for a given value
of c. Thus there are nine possible equilibrium configurations
for any given value of c, as the Ia and IIIa equilibria can
be rotated three times by pi/2. As for the previous systems
with n = 2 and n = 3 this affects the connections between
families of periodic orbits.
6.3.1 The Ia families
There are three families associated with the Ia equilibrium
for this value of n. The first family αIa4 connects to the
other alignments of the Ia4 configurations via a branch point
that is also a connection to the higher symmetry family αII4
associated with the II4 configuration. Further, this is a de-
generate branch point, as the family αIIIa4 also connects
to αII4 at the same point. One branch of the Ia4 family is
shown in Fig. 4, with the branching orbit plotted in blue.
The connection of αIa4 and αIIIa4 to the αII4 family is
similar to the symmetry-breaking pitchfork bifurcations that
occur in the CRTBP (e.g. the north and south branches of
the Halo family from the planar Lyapunov family). The four
branches could be considered to be the north, east, south and
west branches of the αIa4 family. Similarly in the n = 2 case
the Ia2 family has two branches, while in the n = 3 case the
Ia3 and IIIa3 families have three branches associated with
the φ→ φ+ 2π
n
symmetry.
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(a) The αIa3 family
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(c) The αIIIa3 family
Figure 2. The three families of periodic orbits associated with the Ia and IIIa equilibria for n = 3, in the spatial and φ-ξ planes. Order-0
instability orbits are shown in purple, order-1 in gray. The relevant location of the Ia or IIIa equilibrium is shown in black and the II
equilibrium in red. The configurations all have c = 2pi and the reference direction is taken along the positive x axis
The family βIa4 is also shown Fig. 4. It ends in a con-
nection to αIa4 via a reverse period-doubling bifurcation. An
additional family (labelled β1) branches off βIa4 and recon-
nects further along the family. This family branches off in
a symmetry-breaking pitchfork bifurcation, the new family
losing the reversing symmetry ξ → −ξ.
The family γIa4 appears to connect to αIa4 twice: once
as a reverse-period tripling bifurcation, and finally ending
at a reverse period-quadrupling bifurcation, behaviour very
similar to the planar families associated with the L4 and L5
points in the CRTBP. It also has a number of other branch
points to four other families, that can be labelled γ1, γ2, γ3,
γ4 in the order they branch from the original family.
A schematic bifurcation diagram summarizing the con-
nections between the primary families emanating from the
Ia equilibrium configuration is shown in Fig. 5. The linear
stability and the location of various bifurcations are also
shown. In the diagram each primary family is represented as
a single line emanating from a particular equilibrium con-
figuration, as labelled. (Note that this diagram shows only
one branch of each family). The various bifurcations along
each family are indicated by various symbols on this line (as
defined in the key in Fig. 5(c)). Further, the linear stability
of the family is indicated through dashing or dotting of the
line representing the family. For example, the αIa4 family
is represented as the horizontal line labelled α, starting at
the equilibrium labelled Ia4 on the left of the diagram (rep-
resented as a large square) and ending at the degenerate
branch point on the vertical line which represents the αII4
family. The various bifurcations along the family are shown
as indicated, and the linear stability can for example be seen
to change from order-0 initially to order-1 after a fold (gray
square), and so on.
Fig. 5(a) shows the connections between the primary
families from the type Ia, II and IIIa configurations (for a
description of the families associated with the II and IIIa
configurations see the next two subsections). The βIa4 and
γIa4 families are complex and their linear stability and bifur-
cations are not represented fully on this first schematic dia-
gram. Instead only the points at which they connect to the
αIa4 family are shown. The full bifurcation diagram for these
two families, including the secondary families connecting to
the branch points in the Ia families are shown separately in
the schematic bifurcation diagram in Fig. 5(b). Note that
whereas these diagrams show all branch points, folds and
period-doubling bifurcations, the only period tripling and
quadrupling bifurcations that have been detected are those
between the three primary families associated with the Ia4
configuration. The secondary families have been labelled in
the order they branch off the primary family. There is one
family branching from βIa4 (β1) and four from γIa4 (γ1, γ2,
γ3, γ4) as discussed above, as well as one family labelled c1
that connects between γ2 and γ3. All these secondary fam-
ilies are shown in the Appendix, and it is worth noting that
several of them also have some order-0 instability, for exam-
ple the relatively complex asymmetric family labelled c1 is
completely neutrally linearly stable.
6.3.2 The II family
There is one family associated with the II4 configuration: a
family of symmetric horseshoe-type orbits αII4. As for its as-
sociated equilibrium point, this family of periodic orbits has
degenerate Floquet multipliers (the two non-trivial pairs are
equal), as evidenced by the double branch point to the αIa4
and αIIIa4 families. The αII4 family only has one branch
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(unlike the four branches of the Ia and IIIa families), as it
is invariant under rotation by pi/2 up to the interchange of
satellites.
Interestingly, some of the horseshoe orbits in the αII4
family have order-0 instability. This occurs just after the
double branch point shown in Fig. 4(d), but is ended shortly
later along the family by a period-doubling bifurcation.
6.3.3 The IIIa families
As for the Ia4 configuration there are four possible align-
ments of the IIIa4 configuration, and thus four rotated
branches of the two associated families. The first, αIIIa4,
behaves similarly to the αIa4 family and connects to the
branches from the other alignments of the configuration at
the degenerate branch point in the αII4 family. The second,
βIa4, is a tadpole-like family, and ends on a homoclinic orbit
from the II4 equilibrium. Unlike the αIa4 and αII4 families
there are no regions of order-0 stability along either of the
IIIa4 families. Both are initially order-1, with the αIIIa4
family transitioning to order-2 after a fold.
As the βIIIa4 family evolves towards the homoclinic or-
bit it undergoes an infinite series of pairs of branch points
and pairs of period-doubling bifurcations. The pair of Flo-
quet multipliers on the real axis tend to zero and infinity,
while the pair on the unit circle circulate with increasing
frequency, briefly moving off onto the real axis at each bi-
furcation. The first two families branching off connect to
the αIIIa4 family through reverse period quadrupling bifur-
cations. This behaviour is similar to that of the the planar
Lyapunov families around the triangular equilibrium points
in the CRBTP (see e.g. Doedel et al. 2007).
6.3.4 Summary
All six primary families for n = 4 are shown in Fig. 4 in
the spatial plan. In addition, the families are shown in the
energy-period plane in Fig. 6. The order-0 portion of each
family is highlighted in this plot. Note that the connection
of the αIa4 and αIIIa4 families to the αII4 family can be
clearly seen in this plane.
The six primary families are shown plotted in the
energy-period plane in Fig. 6. The order-0 portion of each
family is again highlighted. The connection of two of the Ia
families to the II family is clearly shown in this plane.
The primary families αIa4, βIa4, γIa4, αIIIa4 and βIIIa4
emanating from the Ia and IIIa equilibria are symmet-
ric about the symmetry line of the associated equilibrium
configuration. They also possess the reversing symmetry
ξ → −ξ, t → −t. The family αII4 emanating from the type
II equilibrium is symmetric about (both) symmetry lines of
the equilibrium configuration and is also symmetric under
φ → φ + 2π
n
. It too has the reversing symmetry ξ → −ξ,
t→ −t.
The family β1 branching from βIa4 is not symmetric
about the symmetry line of the equilibrium, but still pos-
sess the reversing symmetry ξ → −ξ, t → −t. The families
γ1 and γ3 branching from γIa4 do not have the possess the
reversing symmetry ξ → −ξ, t → −t but are symmetric
about the symmetry line of the equilibrium, while the fam-
ilies γ2 and γ4 are not symmetric about the symmetry line
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Figure 4. The families of periodic orbits for n = 4. The double
branch point in the αII4 family is shown in blue.
of the equilibrium but do possess the ξ reversing symme-
try. The family c1 that connects between branch points in
the γ2 and γ3 families possesses no symmetries. It should
be noted that those families that do not possess one of the
reversing symmetries have two symmetric branches, similar
to for example the axial families in the CRBTP. Because it
lacks both reversing symmetries there are four branches of
the c1 family, connecting between the two branches of each
of the γ2 and γ3 families.
7 CONCLUSIONS
The families associated with the equilibrium configurations
of the planar restricted 1 + n-body problem are complex
and exhibit a variety of interesting dynamical phenomena,
such as homoclinic connections and degenerate symmetry-
breaking bifurcations. For 2 6 n 6 4 the families associated
with the type II equilibria resemble classical horseshoe or-
bits, while some associated with the type I and type III equi-
libria resemble tadpole orbits. In addition, there are many
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(c) Key
Figure 5. Schematic bifurcation diagrams for the families emanating from the three equilibrium configurations in the n = 4 system. The
top figure shows the connections between the families from the three equilibria. The linear stability and bifurcations along the βIa4 and
γIa4 families are not shown in this first diagram. Instead, the middle figure shows these two complicated families and the connections
between them in more detail. The key for both diagrams is given in the last figure. For example, the αIIIa4 family is shown as a horizontal
line starting at the equilibrium IIIa4 represented as an open square on the right-hand side of the top figure. It has one fold (the gray
square) before ending at the degenerate branch point (gray circle) with the αII4 family, represented as the horizontal line starting at
the equilibria labelled II4. The linear stability of the αIIIa4 family is indicated by the dashing of the line – initially the family is order-1
(dashed) and changes to order-2 (dotted) after the fold bifurcation. The βIIIa4 family is represented as the other line emanating from the
IIIa4 equilibria, and can be seen to be order-1 instability until it ends on a homoclinic connection to the type II equilibrium (represented
as the open circle). The infinite series of branch points and period-doublings (and associated linear stability changes) associated with
this connection have been omitted from the diagram
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Figure 6. The six primary families emanating from the equilib-
rium configurations for n = 4, in the energy-period plane. The Ia
familes are shown in red, the II family in green and the IIIa fami-
lies in blue. The energy level of each equilibrium is also shown, and
note that the families are labelled α, β etc in order of increasing
initial period. Solid lines indicated order-0 stability, dotted lines
order-1 or order-2 stability
other periodic orbits, both symmetric and asymmetric ex-
hibiting different linear stability properties (although note
that vertical stability of the orbits is not considered here).
While exactly equal mass satellites and asteroids in the
solar system are unlikely to occur, the equilibrium configura-
tions are known to exist in such cases (e.g. Renner & Sicardy
2004) and as such the periodic orbits presented here provide
a starting point for exploring such systems. Preliminary in-
vestigation of unequal mass satellites have shown that many
families of periodic still exist.
While this work has only considered up to four equal
mass satellites the linear stability of the known equilibria
for n > 4 indicate a large number of families of periodic
orbits exist in these cases as well. For example, for n = 5
there are type Ia, II and IIIa equilibria as for the n = 4 case,
and it is found that there are two families emanating from
the type II configuration, one of which connects to the type
Ia equilibrium point and one of which connects to the type
IIIa equilibrium point. The families remain of similar types
to those seen in this work: largely tadpole or horseshoe type.
It should be noted here that the 1+ n-body problem is
a restricted problem, and for the periodic orbits to be repro-
ducible in the unrestricted system the mass ratios must be
low. While this is not a problem for asteroids around planets
or large moons in the Solar System it can become an issue
when considering trojan exoplanetary systems. However, di-
rect numerical integration of the full n-body equations of
motion of an example order-0 periodic orbit from the c1
family shows for example four Earth-mass co-orbital plan-
ets at 1 au from a solar-mass star are well represented by
this model. We also note that such a periodic orbit of four
Earth-mass planets would have a period of approximately
250 years, making detection of the co-orbital dynamics diffi-
cult. However, the existence of neutrally linearly stable pe-
riodic orbits of four trojans still presents an interesting pos-
sibility for exoplanetary systems.
The question remains whether such orbits could exist
(or be engineered) in the solar system or exoplanetary sys-
tems. For co-orbital asteroids, the easily retrievable asteroids
suitable for capture into the Earth-Moon system identified
by García Yárnoz et al. (2013) are at most diameter 65 m,
with those that are retrievable in the near-term generally
below 4 m diameter, which corresponds to µ ≈ 10−14 to
µ ≈ 10−18 (assuming an average density of 2 g/cm3). For
these extremely low mass ratios the co-orbital dynamics will
be negligible compared to other perturbations. (By compar-
ison, an asteroid with a higher mass ratio of 10−6 would cor-
respond to an spherical object roughly of diameter 40 km.)
This is in some sense a self-solving problem: if the asteroids
do not significantly perturb each others orbits, there is no
need to consider placing them in a stable parking configura-
tion. It should also be noted that the 1+n body problem is
not a good approximation of asteroid orbits about the Moon
regardless of mass ratio, as the perturbations from the Earth
cannot be ignored. The families of periodic orbits found here
however provide a starting point for more advanced models
of the dynamics. The mechanism by which asteroids could
be transferred into such orbits is as well is another topic, but
knowledge of the possible orbital configurations will also as-
sist such endeavours.
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APPENDIX
This section provides example orbits for the families associ-
ated with the n = 4 equilibria. The primary families αIa4,
βIa4, γIa4, αII4, αIIIa4 and βIIIa4 are shown in Figs. A1
to A6. The secondary connecting families are shown in Figs.
A7 to A12. As discussed in the text these families are shown
for high mass ratio of 10−2 in order to exaggerate the radial
extent of the orbit.
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Figure A1. The family αIa4
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Figure A3. The family γIa4
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Figure A4. The family αII4
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Figure A5. The family αIIIa4
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Figure A6. The family βIIIa4
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Figure A7. The family β1
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Figure A8. The family γ1
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Figure A9. The family γ2
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Figure A10. The family γ3
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Figure A11. The family γ4
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Figure A12. The family c1
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